Deriving the Laplacian in Spherical Coordinates
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Introduction

Here we shall compute the Laplacian A in spherical coordinates, using the crowd favourite index notation.

1 Derivation

The (coordinate-free) Laplacian in abstract index notation in terms of the metric and partial derivatives %
is
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1. We will first construct the metric by g;; = é; - é; in the spherical basis.

2. We will then compute /g which is shorthand for \/det(g?).

3. We will then simplify the expression to look like the usual laplacian.

1.1 Constructing the g%
The representation of the usual position vector in Cartesian coordinates is

V=Vte,=V"¢ +VVe, + V7, (2)
which to convert to Spherical coordinates (7,6, ¢) we need

T =1 cos¢sinf

y=rsin¢sind

z=rcosf
which gives (2) in the new basis:
V = rcos¢sinfé, + rsin ¢sin6é, + rcosfé. (3)
which we can use to derive the orthogonal basis by the use of the formula
0
-V =¢; 4
5017 = ¢ (4)

é, = cos ¢sinfé, + sin ¢ sin 6é,, + cos bé,
€y = —rsin@sin0é, + rcos psindé, + 0€,
€9 = rcos¢cosfé, + rsingcosfé, —rsinfe,

Then we construct the g;; = ¢€;-é; where the orthogonality of the vectors makes off-diagonal elements vanish:

&, - é, = cos® ¢sin? 0 + sin? ¢psin® @ + cos? § = 1 (5)
€y - €y = 17 sin” ¢sin® O + r? cos® ¢psin® § = r? sin® 0 (6)
ég - ég = 12 cos® P cos® 0 + 12 sin? ¢ cos® 6 4 12 sin? 0 = 12 (7)



giving

1 0 0
gap = |0 72sin®’@ 0 (8)
0 0 r?

Now we need to "raise” the indices of g to obtain the contravariant metric tensor, obeying the rule g% Gij = 6;.
The obvious such matrix is

1 0 o0
9" =10 oz O 9)
0 0 L

T

1.2 Computing the /g

The final ingredient is /g which is shorthand for y/det(gqs), which is simply
V9= Vrisin?0 =r’sing (10)

1.3 Grand Finale

Using the formula in (1) we bring it home,
1 9, 0 0 ( 5 . 1 0 (4. 10
A= 50 or <r Sme@r) + 9 (r SmerQsiana(b) + 50 <r sm@r2 50 ) (11)

_ig 722 +71 i2+ 1 g sin93 (12)
2 or or r2sin20 0%2¢  r2sinf 90 00

is the Laplace operator in spherical coordinate basis.




